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Abstract

The Aharonov-Bohm effect on optical absorption of light polarized perpendicularly to the tube axis in semiconducting

carbon nanotubes is studied by taking account of exciton and depolarization effect in an effective-mass approximation. The

magnetic-flux dependence of the excitation energy is weak and quadratic around zero in contrast to the linear dependence

for light polarized parallel to the axis.
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In the presence of magnetic flux threading a car-

bon nanotube an Aharonov-Bohm (AB) effect on the

energy-band gap was theoretically predicted [1]. Its

manifestation in optical absorption spectra for light

polarized parallel to the tube axis was theoretically

shown [2–4] and experimentally observed [5,6]. In this

paper we study the AB effect on optical absorption for

perpendicular light taking account of exciton and de-

polarization effect in an effective-mass approximation.

In a one-particle model the optical absorption is pro-

portional to a joint density of states with a typical one-

dimensional van Hove singularity. For light polarized

perpendicularly to the axis, this singularity disappears

because of a depolarization effect [2,3]. However, both

exciton effects and Coulomb interactions were shown

to play decisive roles in optical spectra [7]. It was theo-

retically revealed [8–10] that exciton absorption peaks
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of perpendicular light can appear due to large binding

energy. Such peaks were recently observed experimen-

tally [11]. In this paper we discuss the AB effect on

optical absorption of perpendicular light in semicon-

ducting nanotubes.

A carbon nanotube is a rolled-up two-dimensional

(2D) graphite sheet where the conduction and valence

bands consisting of π states cross at the K and K’

points. Its arrangement of carbon atoms is determined

by a chiral vector L = naa + nbb where a and b are

the primitive translation vectors of a 2D graphite sheet

shown in Fig. 1(a) with na and nb being integers.

In the effective-mass approximation the electron mo-

tion is described by a k · p equation which is equiva-

lent to the Weyl equation with an appropriate bound-

ary condition in the circumference direction [1,12]. The

eigen energy for the K point is given by

εK
±n(k) = ±γ

√
κνϕ(n)2 + k2, (1)

where ‘+’ and ‘−’ denote the conduction and valence

Preprint submitted to Physica E 18 January 2007



(b)(a) φ

L

b a

Fig. 1. Schematic illustration of (a) 2D graphite and (b)
nanotube.

band, respectively, γ is a band parameter, k and κνϕ(n)

are the wave number in the tube axis and circumference

direction, respectively. The latter wave number is given

by

κνϕ(n) =
2π

L

(
n + ϕ − ν

3

)
, (2)

where ϕ = φ/φ0 with φ and φ0 being an AB magnetic

flux passing through the cross section of the nanotube

as shown in Fig. 1(b) and the flux quantum ch/e, re-

spectively, and ν is an integer determined uniquely as

ν = 0 or ±1 from na + nb = 3M + ν with integer M .

For the K’ point the energy is given by Eq. (1) with

replacement ν → −ν. Since the energy gap is given by

separation between the valence and conduction bands

with n = 0 at k = 0, tubes are metallic for ν = 0

and semiconducting for ν = ±1 in the absence of the

magnetic flux. It should be noted that states associ-

ated with the K’ point at −ϕ are connected to those

associated with the K point at ϕ by a time-reversal

transformation [13,14].

The dynamical conductivity characterizing optical

absorption is calculated in the linear response the-

ory. We shall use a screened Hartree-Fock approxima-

tion to calculate interaction effect on the band struc-

ture and introduce an attractive interaction between

a photo-excited electron and a remaining hole using

the Coulomb interaction screened by a static dielectric

function. Various approximation schemes were com-

pared and this approximation was shown to be suffi-

cient for single-wall nanotubes [15,16]. Actual calcula-

tions can be performed by solving equation of motion

for an electron-hole pair [4,7,17].

Since states around the K and K’ points are con-

nected to each other by the time-reversal transfor-

mation, the dynamical conductivities associated with

these points, σKl
xx (ω) and σK′l

xx (ω), in the absence of

the depolarization effect are expanded as

σKl
xx (ω) = σK−l

xx (ω) = a + bϕ + cϕ2 + · · · , (3)

σK′l
xx (ω) = σK′−l

xx (ω) = a − bϕ + cϕ2 − · · · , (4)

with l = ±1 indicating the wave number in the circum-

ference direction, (2π/L)l, and a, b, and c being ap-

propriate constants independent of the magnetic flux.

Since the final conductivity is given by the sum of those

for the K and K’ point, that is,

σl
xx(ω) = σKl

xx (ω) + σK′l
xx (ω), (5)

the odd order terms of ϕ cancel each other and σl
xx(ω)

quadratically depends on the flux near zero.

For light absorption perpendicular to the tube axis,

a depolarization effect has to be considered and the

absorption is proportional to the real part of the con-

ductivity [2,3]

σ̃xx(ω) =
1

2

[
σ̃l=1

xx (ω) + σ̃l=−1
xx (ω)

]
, (6)

with

σ̃l
xx(ω) =

σl
xx(ω)

εl
xx(ω)

, (7)

where the dielectric function εl
xx(ω) describing the de-

polarization effect is given by

εl
xx(ω) = 1 +

4π2i|l|
κLω

σl
xx(ω), (8)

where κ is an effective dielectric constant describing

screening by electrons in σ bands, core states, and the

π bands away from the K and K’ points and by sur-

rounding materials if any.

Excitation energies with the depolarization effect

are given by zero points ω0’s of the dielectric function

εl
xx(ω). Since the magnetic-flux dependence of σl

xx(ω)

in Eq. (8) is quadratic near zero, ω0 quadratically de-

pends on the weak magnetic flux around ϕ = 0.

The strength of the Coulomb interaction in nano-

tubes is characterized by the dimensionless quantity

given by the ratio of the typical Coulomb energy e2/κL

and the typical kinetic energy 2πγ/L, i.e.,

e2

κL

L

2πγ
≈ 0.35

κ
. (9)

Since κ is considered to be of the order of unity, for

example, κ = 2.4 for graphite, the typical strength of

the Coulomb interaction is of the order of 0.1∼0.2.

The cutoff energy should be of the order of the half of

the π-band width 3γ0, where γ0 is the resonance inte-

gral between nearest neighbor sites and related to the

2
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Fig. 2. Magnetic-flux dependence of energy-band edges at
k = 0 for ν = 1 without the Coulomb interaction. Solid and
dashed lines indicate the band edges for the K and K’ point,
respectively. Numbers denote the energy-band index.

band parameter through γ =
√

3aγ0/2 with a = 2.46 Å

being the lattice constant. Therefore, εc(2πγ/L)−1 ≈
(
√

3/π)(L/a) =
√

3d/a, with d being the diameter of

the nanotube. For example, εc(2πγ/L)−1 = 10 corre-

sponds to a diameter ∼ 1.4 nm.

In the following the strength of the Coulomb in-

teraction and cutoff energy are chosen as typical val-

ues (e2/κL) (2πγ/L)−1 = 0.2 and εc(2πγ/L)−1 = 10,

respectively. Results are qualitatively independent of

these values.

Magnetic-flux dependence of band edges at k = 0 for

ν = 1 without the Coulomb interaction is shown in Fig.

2. Solid and dashed lines indicate those for the K and

K’ points, respectively, and numbers denote the integer

n characterizing the wave number in the circumference

direction in Eq. (2). All the band edges linearly depend

on the flux and the absolute value of the slopes is same.

The energy gap closes at ϕ = 1/3 for the K point and

at ϕ = −1/3 for the K’ point.

At the K point the smallest interband energy for

the perpendicular polarization is associated with the

transition between energy bands with n = 0 and 1 for

−1/2 < ϕ ≤ 1/3 and with n = −1 and 0 for 1/3 ≤
ϕ ≤ 1/2. For the K’ point it is given by the transition

between bands with n = 0 and 1 for −1/2 < ϕ ≤ −1/3

and with n = −1 and 0 for −1/3 ≤ ϕ ≤ 1/2. This
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Fig. 3. Magnetic-flux dependence of self-energy for the con-
duction band edges at k = 0 for ν = 1. Solid and dashed
lines indicate the self-energies for the K and K’ point, re-
spectively. Numbers denote the energy-band index.

energy is 2πγ/L independent of ϕ, showing that the

AB effect on the band gap is absent, if effects of the

Coulomb interaction are neglected.

Figure 3 shows magnetic-flux dependence of the self-
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Fig. 4. Calculated dynamical conductivity at ϕ = 0 (solid
line), 0.1 (dotted line), and 0.2 (dashed line) with the phe-
nomenological energy broadening Γ(2πγ/L)−1 = 0.005.
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Fig. 5. Magnetic-flux dependence of excitation energy.

energy at each conduction-band edge for a tube with

ν = 1. The self-energy linearly depends on the mag-

netic flux around zero and this linear dependence is

slightly larger for the lowest conduction band than the

first excited band. For the valence bands the self-energy

is given by inversion of the sign in that for the conduc-

tion band with the same index. Then, with increase

of flux, the lowest transition energy for the K and K’

point linearly depends on the flux near zero, giving rise

to a small AB splitting.

Figure 4 shows the real part of the dynamical con-

ductivity σ̃xx(ω) at magnetic flux ϕ = 0, 0.1, and 0.2 in

the energy range near the lowest band edge. At ϕ = 0

peaks appear due to exciton absorption. With increase

of the magnetic flux, the peaks are shifted to the lower

energy side and the intensity decreases.

The magnetic-flux dependence of the excitation en-

ergy for the largest peaks in Fig. 4 is shown in Fig. 5.

It quadratically decreases with increase of the magni-

tude of the magnetic flux around zero, takes a mini-

mum value at |ϕ| = 1/3, and increases for |ϕ| > 1/3. It

is within a range between ∼ 1.26 and ∼ 1.52 in units

of 2πγ/L. This change is much smaller than that for

parallel light lying between 0 and 2πγ/L.

The narrow variation of the excitation energy caused

by the magnetic flux is because the magnetic-flux de-

pendence of band gap without interaction is absent and

the Coulomb interaction is small comparing to the typ-

ical kinetic energy. Its quadratic dependence around

zero magnetic flux is expected as described before.
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